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Eta Products

1 Preliminaries on modular functions

Let R be a ring, denote by SL,(R) the set of 2 x 2 matrices with entries in R and determinant 1.
We call SLy(Z) the modular group, SLy(R) the real modular group and, for brevity, subgroups
of the (real) modular group (real) modular subgroups. Two real modular subgroups I", "’ are
said to be commensurable if their intersection I" N I’ has finite index in both I" and I"'. We

will use the inline notation'

b
(a,b;c,d) for the 2 x 2 matrix (a d) i
c

Moreover, we denote by # the complex upper half plane {z € C | im(z) > 0} and by # its
closure {z € C | im(z) > 0} U {o0}.

The real modular group acts on H via Mé&bius transformations or broken linear transfor-
mations. Let z lie in # and (a, b;c,d) in SLy(R), then we define

a/c if z=o00,c#0

a b\ g |00 elif z =00,c =0
yA—
0 elifcz+d=0

(az+b)/(cz+d) else(cz+d +#0).

This action is still well defined when restricted to the complex upper half plane H. Finally, we
call the expression j(7, (a,b;c,d)) = ct + d the automorphy factor of (a,b;c,d) at 7.

An important example of this action, is the translation by one matrix T' = (1,1;0, 1) acting
on any z # oo to yield Tz = z + 1. Notably also, T stabilises co.

Another important (counter)example is that, in contrast to regular matrix multiplication,
this action does not commute with scalar multiplication. More precisely, if A is in R and
y = (a,b;c,d) an SL,y(R) matrix, then yAt # Ayt in general. This can be seen through direct

calculation, but also understood intuitively: after noting that

A0 A0 b b A0
AT = T S0 AyT = @ T and YyAT = a4 T.
01 01 c d c d 0 1

Indeed recall that matrices do not commute in general, so we do not expect equality.
Throughout this work, we will be working with complex numbers of the form exp(2rtz/n)
for complex z where ¢ is the complex unit. To simplify this notation we will write e, (z) instead
and when n = 1 simply e(z). Using g = exp(2r:7) then becomes ¢ = e(7) and e, (at) = qe/m.
Now let I" be a subgroup of GLj (R) = {y € GLy(R) | det(y) > 0} commensurable with
SLy(Z), k a real number and v: I' — C a function with [v(y)| =1 for all y in I". A meromorphic
function f: H — C is called a weakly modular function of weight k, level I' and multiplier

system v if

Frt) = v(r)det(r) ' %(r, v)Ef(2) (1.1)

!This notation is common to computer algebra systems such as GNU Octave and MATLAB
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Eta Products

holds for all y in " and 7 in H. The space of all such functions f forms a complex vector space
which we will denote by M; ().

1.1 Commensurability and Expansions at cusps

We require commensurability of I" with SLy(Z) because it ensures a sort of periodicity condition
for the functions in M, ,!C’V(I' ). More precisely, since I" N SLy(Z) has finite index in SLy(Z), there
exists a minimal positive power h for which the element T" = (1,h;0,1) of SLy(Z) lies in
I' N SLy(Z) c I (This is true in general: for every group G and subgroup H of finite index:
every element g in G has a power k for which g¢* lies in H). From the modular invariance
condition (Eq. 1.1) we garner that f is “almost” h-periodic

f(x+h) = f(Th) = v(TM)det(T) " 25(x, T F(r) = V(TP (7).

Since |v(y)| = 1 for all y in I', we can choose a real 8 such that v(T'*) = e(6). Consequently
F(t) = e(—601)f(ht) is a 1-periodic meromorphic function on H and so has a Fourier expansion
of the form

= fae(nt) so f(r) =) fnea((n +06)7).

nez nez
We call the coefficients f,, the Fourier coefficients of f, and F'(t) the ezpansion of f at infinity.
When written in the form

=Y fnd"
nez

the g-ezpansion of f (at infinity). Sometimes, we will refer to the expansion of f(t) directly as
the expansion at infinity by abuse of notation. We say that f is holomorphic (meromorphic) at
infinity if the Fourier coefficients vanish for n < 0 (n < ng for some ny < 0). If f is holomorphic
at infinity, we define f at infinity to be f;, as this is the only term which does not vanish when
taking the limit of f(ty) with real y going to +o0o. Moreover, we define the order of f at infinity
to be (ng + 0)/h where ng is the first index for which f,, is non-vanishing.

It is worth noting that this expansion is often presented as the Laurent expansion of f (9) =
F(log(q)/2rt) at ¢ = 0; explaining the nomenclature “expansion at infinity”, since the map
g — log(q)/2m: (the left-inverse of e(+)) sends O to infinity. First we assure ourselves that this
is well defined. We note that g — log(q)/2nt is a holomorphic map from the open punctured
unit disc D* to the upper complex half-plane. Indeed, since the logarithm is multi-valued, we
have for some integral k that

log(q) log(lgl) +i(arg(z) +2nk)  arg(z) log(lg|)
= = +k—1—=.
2t 2wt 2 2

On D*, we have that 0 < |q] < 1 so log(|g|) < 0 and log(g)/2n: lies in H. Moreover, since F'
is 1-periodic, F'(log(gq)/2mt) does not depend on k and f is well-defined meromorphic on D*.
Therefore f has a Laurent expansion at g =0

= anqn S0 f(e( an TTL

n=ng nz=ng

rrueger@ethz.ch - n.ethz.ch/~rrueger 2
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This procedure of finding a way to extend f to infinity can also be used to extend f to any
rational number on the real line.

To that end, consider a rational number » = a/c in reduced fraction form. Bézout’s identity
delivers us integers b, d such that M = (a,b;c,d) has determinant 1. In particular, Moo = 7.
Since I' is commensurable with SL,(Z), M "M is commensurable with M ~!SL,(Z)M =
SLy(Z). So, as before, there exists a minimal positive power A such that T" lies in M~'I"'M.
So T is of the form M LM for some L = (a, 3;v,8) in I'. In particular then, L = MT"M 1
fixes 7.

Calculating
I = MThM-! — a b 1 h d -b) (l-—ach a’h
B “\e d/\o 1 — a) \ —=c®h 1l+ach

1—ach 2h
LT—’T‘:( ach)t +a*h a
—c?ht+1+4+ach ¢
c((1 —ach)t +a%h) — a(—c?ht + 1+ ach)

c(—c?ht + 1+ ach)

we obtain

_ cT—a
~ ¢(—c2ht + 1+ ach)
_T-r
Ty 46

So the function (7 — r)kf(r) satisfies
—k/2

k k
(r+6)°f(r) =v(L)(r —7)"f(7);
or equivalently, after replacing v with Mt and choosing a real A so that v(L) = e(A),

(Lt — rY*f(L1) = (Lt — 7)*v(L)det(L)

(MThe — )" F(MT" ) = e(A) (Mt — r)*f(Mo).
So F(r) = e(—At)(Mht — 1
At +1)(Mh(t+1)—r1) f(Mh(T +1))

f(Mhrt) is a 1-periodic meromorphic function. Indeed,
F(r+1)=

— e(—A)e(—AT)MTMht + h) — ) F(MTH(ht + )

=€

(
(MTPht — ) (M T 1)
(

=e (

Ae(—At)(LMht — r)* f(LMAT)

Ne(—At)(LMht — rY¥v(L)det(L)*/?5(MRt, L) F(Mh7)
AT)(LMAT — rYE(Mhry + 8) Ff(MAT)

e(—At)(Mht — r)kf(MhT)

= F(1).

)"

(

)
Ae(—At

Je

)

Je

=€

e(—
(—
(-
— e(—A)e(—AT)MTPM Mht — ) F(MT M Mh7)
(—
(—
e(—
(-
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Therefore F'(7) has a Fourier series expansion

F(1) = e(—At)(Mht — )" f(Mht) = 3 fre(nt)

nez

so f(1)=(—7)"Y fnen((n + )M 1)

nez
We call F(7) this ezpansion of f at r. We define f to be holomorphic (meromorphic) in the
same way as we did at infinity. The order is also defined similarly, by (ng + A)/h where ng is
the first index for which f,, 1s non-vanishing.

Importantly, we see that the expansion of f at r is the expansion of
F(x) = e((6 — A)r)(x — )" F (M)
at infinity. Indeed, as in the expansion at infinity, we define
F(r) = e(—67)f(ht) = e(—01)e((6 — A))(Mht — r)kf(Mhr)
= e(—At)(Mht — 7)* f(Mh7)

and obtain the same function F' as in the case in which we directly expand at r.

1.2 The slash operator

If k is an integer, then an SL,(Z)-commensurable subgroup I" ¢ GLj (R) acts on space M of
meromorphic functions on H by the weight-k, multiplier-system-v slash operator

(Flewr) (@) 2 v(y)  det()*%5(z,v) FF(re).

if and only if v is multiplicative (i.e. a morphism of groups I' — C*). In this terminology,
M,i’v([') is the -|; ,-invariant subspace of M.

An important consequence in the integer-weight, multiplicative multiplier-system case is
that we now only need to know how the function f transforms under generators of I' to
determine whether f is weakly modular of level I. As an example, consider the full modular
group SLqy(Z). It is generated by 7' = (1,1;0,1) and S = (0,1; —1,0). Therefore we must only
verify that

F(TT) = f(r +1) =v(T)f(x) and f£(St) = F(~L/7) = () (x)

to assert whether f is in M}W(SL2(Z)) or not.

To verify that the slash operator defines a group action, we must verify that f|, ,y is still well-
defined meromorphic, that f|;,id = f and that (f|g,v)gv¥' = flev(ry'). Well-definedness
is clear, since the Mdbius transformations are a well defined action. Moreover, f|;,id(r) =
v(id)fldet(id)kj(r, id)fkf(id 1) = f(r) follows from v(id) = 1 since v is a morphism of groups.

rrueger@ethz.ch - n.ethz.ch/~rrueger 4
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Finally, with y, vy’ elements of I" we have
(Flew?) oy’ (1) = v(r') " det(r') /2 (r, 7)™ (Flier)(r'7)
= v(r') et (r)*?5(z,v) Fo(r) Mt () (v, v) FF(rr'T)
= (v(r)v(r") " (det(y) det(r')) (i, 75 (e, v)) " F (rv'T)
= v(rr') aettrr) (e vr') )
= flen(ry")

where the equality j(z,v")j(v't,v) = 7(vY/, 7) is called the cocycle relation and is always true.
Indeed, if ¥y = (a,b;c,d) and y' = (a’,';¢',d’), then
a't+b
: AP ! — ! dl d
3@, v)i(r'ty) = (et + )<C (C,Hd,) + )
=c(a't+b)+d(ct+4d)
= (ca' +dc')t + (cb' + dd')

=3(t,vy")

a b a b B x "
c d ¢ d'] \ca' +dc' cb +dd ]’

It is at this point, that we see the importance of I" being a subgroup of GL2+ (R) and k& being

because

an integer. Else det(y)kdet(y’ )’C #+ det(yy’ )k Here the classic counter example goes as follows.
Suppose k =1 and y =y’ = (1,2;1,1). Then det(y) = det(y’) = —1 and det(*)f)l/gdet(y’)l/2 =
vV—=1v—=1=1-1=—1but det(y}f’)l/2 = (det(y) det(y’))l/2 =v-1--1=V1=1.

Common modular subgroups of study are

I'(N)={(a,b;c,d) €SLy(Z) la=d=1 (modN)andb=c=0 (mod N)}

I''(N) ={(a,b;c,d) € SLy(Z) la=d=1 (mod N)and c=0 (mod N)}

Io(N) = {(a,bi¢,d) € SLy(Z) | ¢=0 (mod N)}
We call I'(N) the principal subgroup of level N and any modular subgroup I' C SLy(Z)
containing I'(N) a congruence subgroup of level N. Since I'(N) c I'1(N) C I't(N), both
I''(N) and I'y(N) are congruence subgroups of level N. Importantly, any congruence subgroup
is commensurable with SLy(Z).

These (congruence) subgroups lend themselves to the following natural example. Consider

a Dirichlet character y modulo N, we can extend this to a multiplicative multiplier system v

rrueger@ethz.ch - n.ethz.ch/~rrueger 5
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since cf is divisible by N. Importantly, d is a unit modulo N because ¢ = 0 (mod N) and
ad — bc = 1. Consequently v is non-vanishing for all matrices in I'y(N) and therefore is
compatible with our definition of a multiplier system. Ono says that forms in M/i,v(Fo(N )
have a Nebentypus character y [Ono04, Def. 1.15].

1.3 A lemma on the generators on congruence subgroups
Finally, we finish the preliminaries with a

Lemma 1.1 (On generators of congruence subgroups). [Bor99, Lem. 5.1, pg. 9] Let N > 1 be
an integer. Let Gy describe the matrices (a,b;c,d) in ['((N) for which ¢,d >0 andd =1
(mod 4). Let Z =(—1,0;0,1). If4+ N, then Gy generates I'y(N). Conversely, if 4| N, then
matrices in Gy together with Z = (—1,0;0,1) generate I'4(N).

Proof. The strategy of this proof goes as follows. We begin with an arbitrary element y of
I'y(N) and multiply it by elements gy, ..., g, in Gy (Gy U {Z}) until we obtain an element g in
Gy (GnyU{Z}). Then g, ---g1v =gsoy =g; '+ g, 'gliesin (Gy) ((GyU{Z})).

Consider for (a,b;c,d) in Gy the product

1 1\ f(a b\ (a+c b+d
01 c d) c d '
It clearly also lies in Gy, so T' ol (1,1;0,1) is generated by Gy.
Now we will show that I'y(N) is generated by matrices (a,b;c,d) in I'y(N) for which d is
odd. Suppose d is even (then ¢ must be odd for (a,b;c,d) to lie in I'y(N) < SLy(Z)) and

consider

a b\ (1 1 a a+bd a b a a+b) (1 -1
= , therefore = .
c d)\0 1 c c+d c d c c+d/ \0 1
Since ¢ + d is odd, we have shown that matrices with d even can be generated from matrices
(@,b;¢,d) in I'y(N) with d odd.
It remains to be shown that it suffices for d = 1 (mod 4) (not just that d is odd). To that

end, let (a,b;c,d) be a matrix in I'y(N) with d = 3 (mod 4). In particular then d is odd. Now

observe the following case distinction.

rrueger@ethz.ch - n.ethz.ch/~rrueger 6
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Case: 4+ N. Consider with k integral the product

EOGYC-CI6 6

<a+ka a+ka+b>

c+dNk c+dNk+d

Notice that 4 and dN are coprime because 4 + N and d is odd. So there exists a k such that
c+dNk =2 (mod 4). In turn, c + dNk+d =2+ 3 =1 (mod 4). This shows that matrices
(a,b;c,d) in I'y(N) with d = 3 (mod 4) can be generated from matrices from which d = 1
(mod 4) via T and (1,0; N, 1).

Case: 4 | N. We simply multiply (a,b;c,d) by Z to obtain (a,—b;c,—d) with —d = 3
(mod 4) which is equivalent to d = 1 (mod 4). This shows that matrices (a,b;c,d) in I'y(N)

with d = 3 (mod 4) can be generated from matrices from which d =1 (mod 4) via Z.

Finally, we must show that matrices (a, b;c,d) with ¢ or d negative can be generated from

matrices with ¢, d positive. Calculating

k
a b 10_ab 10_a+kob
c d)\N 1) \c d)\kN 1) \c+kNd d

for suitable integral k£, we see that matrices with negative c are generated from matrices with

positive c. With ¢ positive, we can multiply

4
a b 11 _fa b 1 4] _fa 4al + b
c d)\o 1/ \¢c d/\o 1) \c 4ci+d

to find another matrix with positive d and d =1 (mod 4) that generates (a, b; ¢, d). O

rrueger@ethz.ch - n.ethz.ch/~rrueger 7
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2 Number-theoretic tools
Here we present a short interlude to introduce some more notation and useful formulae.
For an odd prime p and an integer n, we define the Legendre symbol
0 if p divides n
n
[—] =41 elif n is a non-zero quadratic residue mod p

—1 else.

We extend this definition to become the Jacob: symbol by replacing p by an odd positive integer

m = p;ipy? -+ pp* and multiplicatively defining

F-G B R

where the p; are (odd) primes. Finally, we can extend this to the Kronecker symbol for
arbitrary integers m and n in the same multiplicative way by defining

0 if 2 divides n

n . n 1 ifnx=0 n 1 ifa=4=1

{—} =<1 ifa=41 (mod38), [—} = , [—} = .
*1 +1 ifn<O 0 else

-1 ifa=43 (mod 8)

From this definition, we can derive the following properties
(i) The Kronecker symbol is multiplicative in the upper argument.
(ii) The Kronecker symbol is multiplicative in the lower argument.

(iii) Fixing n we obtain a (real) Dirichlet character modulo n, m — [m/n].

(iv)
[__1}_ 1 n=1 (mod4)
n] -1 n=3 (mod 4)
(v) [n/m] =0 if and only if gcd(n,m) > 1.

Definition 2.1 (Jacobi Theta Function). [Sch21, Lem. 6.4.1, pg. 42] For complex 1,z with 7
in the upper complex half plane, we define the Jacob: Theta Function

¥z;1)= Y e(n®t/2+nz)= ) gV en
nez nez

where ¢ = e(7), = e(z). In defines an entire function in z and satisfies the transformation

laws
Hz+1;7)=1 and Y(z+1;7) =e_1(1/2 + 2)9(2; 7).

Lemma 2.2 (Jacobi’s Triple Product identity, Euler’s Identity). [Sch21, Th. 6.4.2, pg. 42;
Kohll, Th. 1.1, pg.4] For complez q,w with |q < 1 and w # 0 we have Jacobi’s Triple

rrueger@ethz.ch - n.ethz.ch/~rrueger 8
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product identity
9(z;7) = Z qn2/2¢—n _ ]._.[ (1—q™) (1 + Eqn—(l/z)) (1 _’_5—1qn—(1/2)) .

nez n>1
Furthermore, fizing m, replacing q with g™t and choosing & = —g(=m)/2 e obtain
Z(_l)nqn(n(m+1)+1—m)/2 — 1_[ (1 _ qn(m+1)) (1 _ qn(m+1)—m) (1 _ qn(m+1)—1) )
nez n>1

In particular, with m = 2 we obtain Euler’s Identity

Z( 1 n(3n—1)/ n (1 o q3n) (1 o q3n—2) 3n 1 n (1 o q (2'1)

nez n>1 n>1

rrueger@ethz.ch - n.ethz.ch/~rrueger 9
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3 The Dedekind Eta Function

On the complex upper half plane, we define the Dedekind Eta-function
Tt
n(r) = exp(ﬁr) gl(l — exp(2nmir)) = q1/24£[1(1 —q")
where, as usual, ¢ = exp(2m7) = (7).

Before we begin showing properties of the function, we will motivate it a little.

3.1 Motivating the Dedekind Eta Function

In this section we summarise Chapters 63, 64, 65 of Rademacher [Rad70].
When studying modular forms, usually the first (almost canonical) examples are the Eisen-
stein series of weight k defined on the complex upper half plane
. 1
Gp(r) & —
mmnez  (MT+n)
(m,n)#(0,0)

It is easy to show that the transformation behaviour of G, under the action of the generators
S,T in SLy(Z) is G(t + 1) = G(r) and G(—1/7) = t™*G (). Moreover, one can show that these
series converge uniformly absolutely for £ > 2 on compact subsets of H and thus define modular
forms for the full modular group SLy(Z). These series clearly vanish for odd k.

To follow Rademacher more closely, we will rephrase these Eisenstein series from being
defined as functions on H to being invariants attached to a lattice {2 = wZ + wyZ in C. More

precisely, we define

1
Gr(wy, o) = —
m;ez (mw; + nwz)k
(m,n)#(0,0)

for complex numbers wy, w, that are not R-linearly dependent. Clearly, Gi(t) = Gg(t,1). The
converse is also true in the following sense. Since w;, w5 are not R-linearly dependent, T = wy/w;
lies in H (after replacing wy with —wq if necessary) and 2 = w{(tZ + Z). Now we have that
Gi(7) = Gi(t,1) = 01*Gy(w1, o).

In the case of weight £ = 2, the series converge conditionally. Hecke tried to fix this problem

by defining

1
G (w1, wg;8) =
mz,n (mw; + nw2)2|mw1 + nawol®

and then defining G5 (w1, ws) = lim;_,q G5(w1, wy; s). Notably, however, G5(z; s) is not a mero-
morphic function.

Nevertheless, this is helpful because G5(w1, wo; s) is absolutely convergent and with

a b at+b Wyt + w1b g wlg def.
T = = = — =T
c d cT+d  wyc+wyd )

it satisfies G5(w1, wg; $) = Gy(w], wh; s) for w}, ws. This delivers us the modular invariance for

rrueger@ethz.ch - n.ethz.ch/~rrueger 10
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Go(w1,w,). A direct consequence of the definnition of 7’ is that

w1 w1 1

a)_’1: cwy+dw;, ct+d

Now some pages of analysis can be done to yield

Ga(wr, wg) = —2(3)7[) ( YRl Z a1(n)e( ) - %

2 1
1 72 00 21t
= —;% (? — 2(2me)? — gl(n)e(nf)> wi(t—T)
1 (n® (2m)? & ot
T o <? HRPIET nzlal(n)e(m)> Wit -7)
B 1 (271_[)2 o0 2t

Note that this form is very similar to the formula

Tt k oo
Gu(e) = Gi(1,7) = 24) + 2570 3 i s(m)eCre)

proven for k > 2. Here we see that the additional trailing term in the G, case is causing

problems.

Using this formula, these two different representations of Gy(wy, wy) = Go(w], ws) give us

the equality

AP (18 o)

w

_ 2(2,rr2) (ﬂ _ i o'l(n)e(nT')> =

w3

Which rearranged becomes

2(2r)? (i -3 Ul(n)e(nr)>

n=1

_ oo w? S . (e 11
= 2(2n) < Z n)e(nt’) )4—2[(@/12“,?) r?)

1 1

1
:2(27’[) m( ZO’l )+27Tl <(cf+d)2(T/_F)_

This can be rearranged again to

2(2m)? <i - i ol(n)e(nr)>

n=1
crmt

Viewing 7’ as a function of 7, we have the relatlonshlp
dt’ 1

dr (ct+d)?

1
T—T

rrueger@ethz.ch - n.ethz.ch/~rrueger
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which yields

1 o0
2(2m)? <ﬂ - nzlal(n)e(nr)>
1 a dr’ cmt
=202n)?? (= — N — -
@ (35— erlmetn)) 55 -
Reversing the Lambert sum, we obtain
1 o0
2(21)? <— -, _nelnr) )
24 = 1—e(n7)
_ 2(21)? <i B i ne(nt') ) dr’  cm
24 ‘—1-e(nt)) dt cr+d

And for housekeeping, we divide by 4n: to resemble Rademacher’s Form

n=1

1 X ne(nt’) \do 1 ¢
—om [ — — AN =
m<24 Zle(nr’)) dr +2c1’+d

n=1

To keep track of the signs here, note that 2(27)2/(4nt) = 8n2/(4mt) = —2me.
Finally, we can now integrate this to obtain
T X

o° + nzllog (1 —e(n1))

12

n=1

o0
1
A + Z log(1 — e(nt')) + 3 log(ct + d) + K (a,b,c,d)

for a constant K independent of 7. Which when we apply the exponential function to gives us

s () [ (1 - e(nc))

n=

= egu(7') ﬁ(l —e(nt")) exp(% log(ct + d)> exp(K)

—_

— exp(K)(ct + d) e (t) ﬁa — e(nt"))
n=1
Which is to say, if we define the function
7(6) = () [ 101 e()
n=
it transforms under the action of SLy(Z) matrices ¥ = (a, b;c,d) as follows

n(yt) = exp(—K)(ct + d)_l/zr)(r)

for some constant K depending only on y.

3.2 Expansion of the Eta Function

We can obtain a series form of the Eta-function from the following

rrueger@ethz.ch - n.ethz.ch/~rrueger
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Lemma 3.1 (The g-expansion of the Eta-function).

nT)=>. [f] e(n’c) =y [E] g%

n>1 n>1 n

Therefore

n(at+B)=7Y . [%] eq(n(at +B)) =Y [%} e04(n?2B)q""/24

n>1 n>1

Proof. Multiplying Euler’s identity® (Eq. 2.1) by ¢'/?* we obtain

n(t) = ¢/ 1_[(1

n>1
_ Z n(3n—1)/2+1/24
nez
— Z (6n 1)2/24
nez
= > (—1)"en((6n — 1)°1)
nez
—Z 1) egq((6n — 1)°c Z 1)"egq((6n — 1)°7)
n<0 n>1
= Z )ess((6n + 1)° Z )esa((6n — 1)°7)
n=>0 n>1

Rewriting the first sum into the form Zm>1 x1(m)eqs(m?t) we require the character

1 ifm=1 (mod 12)

=<-1 ifm=7 (mod12)
0 else

(—1)(""_1)/6 ifm=1 (mod 6)
(m) =
0 else.
The second sum can be rewritten to 3 . X2(m)eqs(m?t) for the character

1 ifm=-1 (mod12)

(—1)™ 8 ifm=—1 (mod 6)
X2(m) = =4q-1 ifm=-7 (mod 12)

0 else
0 else.

So we have that n(t) =3 _ (x1(m) + X2(m))ess(m?t). Writing out the sum

1 ifm=41 (mod 12)

xi(m) + xa(m) =< -1 if m=+7 (mod 12)
0 else.
12
2
gives us the claimed expansion. O

2A direct consequence of Jacobi's triple product identity.
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3.3 Transformation properties of the Eta-function

From our motivation of the Eta-function, we glean that for (a,b;c,d) in SLy(Z) and ' =
(a,b;c,d)t we have the functional equation 7(t') = K'v/ct + d n(t). The dependence of K' on
the transformation matrix (a,b;c,d) is called the multiplier system of 7 and we denote it by
'u,]((a,b;c,d)).

Lemma 3.2 (The multiplier system of ). The multiplier system of the Dedekind-Eta func-
tion for SLy(Z) matrices s is given by

[d/c] ey (—3c +bd(1 —c?) +c(a+d)) ¢ >0 odd,
a b))\ J[-d/—clexn(38c —6+bd(l—c?)+c(a+d)) c<0 odd,
“ <<C d)) a [c/d]ess (3d — 3 +ac(l —d?)+d(b—c)) ¢ >0,d odd,
[—c/d]ex (—3d —9+ac(l —d?)+d(b—c)) c<0,deven.
ex ((a+d)c —bd(c? — 1) —3c)[d/] ¢ >0 odd,
e ((a +d)c—bd(c? —1)—3c)[—d/ —clewu(6(c — 1)) ¢ <0 odd,
| s (33~ 9 +ac(1—d?) +d(b —c))le/d]ex(6(d + 1)) c=0.d odd,
e (—3 —9—|—ac(1—d2)—|—d(b—c)) [—c/d] c < 0,d even.

We will not prove this theorem. Instead we will show two special cases.

Theorem 3.3. [Ono04, Th. 1.61, p. 17] For t in the upper complex half-plane, the Dedekind-

Eta function satisfies

n(t +1) = ex(1)n(7)

n(—1/7) = V=t n(1)

Proof. The first functional equation is shown through straightforward algebraic manipulations.
Indeed

nt+1) = exp< mi(t + 1)> 1_[(1 —exp(2nmi(t + 1)))

e ) () [T - tommyrons
_ exp(112 ) exp(—m‘r) 71;[1(1 — exp(2nmt))

1

Lo
= eqa(1)n().

The second is a little more involved. We will Follow Siegel’s proof [Sie54| as presented in [Apo91,
Th. 3.1, p. 48].

By the identity theorem of holomorphic functions, it suffices to show the second functional
equation on the positive imaginary axis. So let T = y¢ with y > 0. Then the equation to

prove becomes n(t/y) = \/yn(ty), which when we apply the logarithm becomes log(n(:/y)) =

rrueger@ethz.ch - n.ethz.ch/~rrueger 14
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log(y)/2 + log(n(ty)). After investigating

log(n(r)) = log (exp(%mr) ]___[(1 - exp(2nmr))>

n>1

m
=T+ Z log(1 — exp(2nnit))
12 =i
= Z Z — exp(2niknt)
n>1 k>1
m
= Z Z — exp(2mikt) exp(2niknt)
2’ n=0 k>1 k
Tt
=—1+ Z — exp(2mtkT) Z exp(2miknt)
12 k>1 k n>0
Tl 1
= —exp(2mtkt) ————————
12" i kgl: k P ) — exp(2mikT)
Tl n 1 1
= —T —
12 /o kexp(—2mtkt) —

we see this amounts to proving
1 l
3 1ogy) = 1og (1 £ ) ) ~ 1og(a(uw)
Tl 1 1
12 (_ —Y > + ,;1 <exp (—2miki/y) — 1 exp(—2mikiy) — 1)
T 1 1 1 1
T 12 (y N 'g_/> + l; k <exp(2nk/y) —1 exp(2nky) — 1>

If we now consider the function fy(z) = 27! cot(nmtNz)cot(rNz/y), with N = n + 1/2, we
see that it has the following poles and residues: at the origin, fy has a pole of order 3 with

residue —(¢/3)(y—1/y); at 2 = tk/N for (non-zero) integral k, fy has simple poles with residues
—cot(kmt/y)/mk; and at z = ky/N for (non-zero) k integral, fy has simple poles with residues
— cot(kmiy)/mk.

Calculating the residue at the origin is a tedious calculation, but the other two residues are
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manageable since they are simple poles: at z = tk/N, the residue is

Res, i n(fn)

= lim (z—tk/N)z 'cot(niNz)cot(nrNz/y)
z—k/N

: 1 , z—tk/N
= lim 2z ‘cot(rNz/y)cos(mtNz) lim ———
z—k/N z—k/N sin(miN 2)

N —tk/N
= — cot(mtk/y) cos(—rk) lim u
tk z—1k/N sin(miN 2)

_N T 1% 1im z—tk/N
ik cot(mek/y)(=1) Z—IHk/N sin(—nk) + mNcos(—mk)(z — tk/N) + O((z — tk/N)?)

— ECO L - g lm z_Lk/N
= T N e — k) + Oz — kN )))

N 1
= —cot(ntk/y)(-1)" lim ;
ok z=k/N  N(—1)" +O(z — tk/N)

N k
== cot(mek/y)(—1) m

1
=—— cot(mek/y);

and at z = ky/N, the residue is

Resyy /nv(fn)

= lim (2 —ky/N)z !cot(nriNz)cot(tNz/y)
z—ky/N

N ) z—ky/N

= cot(mtky) cos(nk) z—lgl?yl/N (TN Z/)
N —ky/N

= — cot(mk:y)(—l)’C lim 2= ky/ 5
ky z—ky/N N /ycos(rnk)(z — ky/N) + O((z — ky/N)")

z —ky/N

= Ecot(mk )(—1)]c lim
ky v z—=ky/N N /ycos(nk)(z — ky/N) + O((z — ky/N)z)

1
= — cot(mtky).
nk

Now we notice that for any z # kx in C we have

cot(z)  cos(z)  exp(tz) +exp(—tz) exp(2tz) +1 2

L tsin(z)  exp(tz) —exp(—tz) exp(2tz) —1 * exp(2tz) — 1

Hence for arbitrary z, z’ we can write

Therefore, if we consider the rhombus R with vertices 1,:y, —1, —ty we obtain with the residue
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theorem

goren (5 (o-2) 3 & (x5

k0
1 1 k
= 2mt L <y — —) +2 Z <cot kmiy) — cot <ﬂ>>
3 Y 1<k=n nk Y
2 ( 1) t
=-nly——)+4 Z <cot(kmy - cot( >)
3 Y 1<k<n k
2 1 1 kmt
=-nly——)—4 <cot(kmy) - cot< >>
3 ( y> 1<kz<n ke y
2 1 1 1 1
D) E s )
3 ( y> 1<kzg:n k \exp(2krny) —1 exp(2kn/y) —1
2 1 1 1 1
S S
3 ( y> 1<ngn k \exp(2krn/y) —1 exp(2kny) —1

= (%n (y - i) t Kkzn% <exp(2k71/y) -1 exp(2ktry) - 1>> |

Consequently, all that needs to be shown is that limy_, ., fR fn(z)/8dz = log(y)/2. To that
end, notice that limy_,,, 2fy(2) = 1 on the edges of R connecting ¢,y and —y,—¢, and
limy_,, 2fny(2) = —1 on the other two edges. Then using the theorem of bounded conver-

gence (2Fy(z) is bounded on the edges of the rhombus) we obtain

lim FN(z)dz—/ ( lim zFy(z )) ldz

N— R N—oo

([ -)) e
:2</y_/l);dz

= 2(log(¢) — log(y) — (log(y) — log(—1)))
= 4log(y) — 2(log(¢) + log(—1))
= 4log(y).

Therefore limy_, o, [ =S ~(2)/8d z =log(y)/2 and we have completed the proof. O
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4 Eta products

Let N > 1 be integral, and let 5 be an integer for each positive divisor § of N. The arising eta
product of level N is

[ [n(er)m

6IN

4.1 Transformation properties of eta products

Theorem 4.1. [Ono04, Th. 1.64, p. 18] Let f(r) = H5‘N77(5T)T5 be an eta product of level N
such that

N
&ZN rs=0 (mod 2), %; 6rs =0 (mod 24), and &ZN 570 = 0 (mod 24).
Then f is a modular form of level I'((N), weight k = (1/2) 3°575 and multiplier system
k k T
a b (—1)"TIz6™ ~1 51"
. To(N) — R; LT 2 o
eron-m (20 |CEEE [ )
That 1s, f satisfies the transformation property

£(E5) = x@er + a0

on the complez upper half-plane for all matrices (a,b;c,d) wn I'H(N).

Proof. Before we begin with the proof proper, we notice that
[—l]k {1 d=1 (mod4)ork=0 (mod 2)
= =

—1 else

1 d=1 (mod4)or } ;m5=0 (mod 4)
—1 else

Now let let us begin by naively multiplying out the definition of f.
az+b baz + 6b
(cz+d> H”( cz—i—d)
7§
-T1 (v,,((a,Sb;c/S,d)) T+ dr)(5r)>
6
= (ct+d)*f(2) [ [ vy((a,8b;¢/8,d))".

&

By Lemma 1.1, it suffices to verify

ve((a,b8;¢/8,d)) & E{vn((a,Sb;c/S,d))Tﬁ = x(d)

for ¢/8,d positive and d = 1 (mod 4). Since & is chosen to be positive, this is equivalent to c, d
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positive and d = 1 (mod 4). In that case, Lemma 3.2 tells us that

vs((a, b8,¢/5,d)) ne24(r5(3d—3+a[](1_d2)+d(b__ [#]ra

= [Tea(rs (34 -3 g a—e v a (o0~ 5))) IT | 5]
The first product is

1‘[624(r5<3d—3+a[ }(1—d2)+d<5b—g)))

6
=[Tex (37’5(d -1+ ggac(l —d?) 4 rs6db — §d6>
6

= g <3(d—1)Zr5+ac(1—d2)Z%—kdbzm'd—dcz%)
9

6 6 6
=ey <—3(d —1) Z 'r};)
9
_{1 (d—1)Y;rs=0 (mod 8)

—1 else

75

—1 else

==
In the penultimate equality we used the fact that d is odd, and that > sTe =0 (mod 2).

For the second product, we note that 6 is coprime to d because § is a divisor of N which in

{1 =1 (mod4)or } ;75=0 (mod 4)

turn divides ¢. Therefore [6/d] = +1 (importantly, non-zero) and by the multiplicativity of the

[c / 5} [C} [5 ]
d dl |d]’
So the product over the Kronecker symbols is

ol -na el - aen i -nl

o o

Kronecker symbol, we have that

and we can conclude that

v5((a, b8;¢/8,d)) [ ] 1;[”

completing the proof. ]

4.2 Expansions of Eta products

Proposition 4.2 (Expansion of 7(67) at a cusp). [Koh1l, Prop. 2.1,p. 34] Let fs(t) = n(67)
with 6 > 1 wntegral and let r = a/c be a fraction in reduced form representing a cusp.
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Further, let b,d be integers chosen such that M = (a,b;c,d) lies in SLy(Z). Then we have
with g et ged(c,6) and A L (z,y;—c/g,6a/g) in SLy(Z)

f5(M7) = Un(Ail)(g(CT N d)>1/27) (%21 + Q(IEL;FW)) .

Re-writing this, with v = 6b + yd we obtain the g-expansion of fs at r

fs(Mt) = v,)(Afl)(%(CT n d))1/2 i [%] » <n26vg> g 285

n=1

In particular, we have that the order of vanishing of fs at the cusp r s
2

g 1 2
— = ——gcd(c, 6
245 ~ 2apecd(®?)

Proof. Since r is a fraction in reduced form, a,c are coprime and Bézout’s identity delivers us
b, d such that M lies in SLy(Z). We see that M (c0) = a/c = r. Therefore

b 6 6b
fa(aar) =n(enar) = (657 ) = (22222 s

ord,(fs) =

for M' = (6a,6b;c,d). As described in the preliminaries, the expansion of a weakly modular
form g in M}W(F) at a cusp 7 is the expansion of e((6 — A)7)(r — r)kg(PT) where Poo = 1,
e(8) = v(Th), e(A) = v(QT"Q) and QT"Q lies in I'. Since T = (1, 1;0,1) already lies in I'y(N),
we know that e(A) = e(f) and we only need to calculate the expansion of (7 — r)kf(SMr) =
(r — ) (M)

We now want to use our knowledge of the expansion of n(at + 3) at infinity (Theorem 3.1).
We do this by finding an auziliary SLy(Z) matrix A = (z,y;u,v) so that AN has vanishing
lower left entry. Indeed, then

z y\ (6a 6b\ , [(zba+yc z6b+yd zba + yc z6b + yd
= so ANt = T+
U v c d 0 ubb + vd u6b + vd ubb + vd
is of the form at + 8. Then we can use the expansion of n(at + ) in
fs(Mt) = n(Nt)

=n(A"1ANT)
= v, (A" ) (—uANT + :z:)l/zr;(ANT)

To find A, consider now
z y\ (ba 6b\ (zba+yc z6b+yd
U v c d) \uba+vec ubb+uvd)’
With g & ged(c, 8a) = ged(c, §), the choice
oa c

v , U= ——
g 9

delivers coprime integers that satisfy uda 4+ vc = 0. Furthermore, the other entries of AN can
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be simplified to

(top left) zba +yc =zvg —yug =g(zv—yu) =g
1) )
(bottom right) b+ vd = ~ b + ) - -(—=bc+ad) = -.
g g g g

However, the top right entry cannot be worked any further. We call this v < z6b +yd to obtain
ANt = g%t/6 + vg/6. Now we can calculate

fo(MT) = -+ = u (A1) (—uANT + 2)/*p(ANT)
9° vg
n <§T + 5 )

g2 vg 1/2
= 'UU(A_l) (—u <§T + F) + 33>
2

B [ Ug 12 g vg
= up(A )(—5 (gr+v)+z> n 8T—|-5

- (€ 1/2 g_2 vg
= (A (5 gr+v) +2) n<5f+5

and working on the square root

c(gr+v)+ 06z =cgr+cv+oz
=cgt +c(zbb+ yd) + bz
=cgT + czbb + cyd + 6z
=cgr+z6(bc+ 1) + cyd
=cgt + zdad + cyd
=cgt + d(zba + cy)
= cgt + d(zvg — ugy)
=cgt +dg(zv — uy)
=cgt +dg
=g(ct+4d)

we obtain
sotar) = va ) (Ser + ) (5o 4 22).

Finally, using Theorem 3.1 we get the result
n2

fot1e) =4 (Yer + ) 5 [ 2] e (Frlar )

proving the first assertion.
We note that [12/0] = 0, so the first non-vanishing term in the sum is eq(vg/8)eqs(g%7/5).
Therefore the order is indeed g2/(246), proving the second claim. O

Corollary 4.3 (Expansion of an eta product). Let f(t) = ]__[5|N7)(5T)T5 be an eta product and
r =a/c a fraction in reduced form representing a cusp. Let M = (a,b;c,d) be a matriz in
SLy(Z). Then with k = (1/2) 3,76, 95 = gcd(c,6), As = (25,5, —C/6,0a/gs) in SLy(Z) and
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Vs = T56b + ysd we have

f(Mr) =T n(6Mr)"™

9

2 s
o 1 Ts @ TE/2 9_5 V595
—1:['”77(‘45 ) (5(cr+d)> n 6T+_5

2 "o
_ k _1ys (9602 (95 Vs9s
= (ct+4d) |5|'u,,(A5) <5> n 5?—1— 5 .

Theorem 4.4. [Kohll, Cor. 2.2, p. 36] Let ¢,d and N be positive integers with d dividing N
and c,d coprime. If f 1s 1s an eta product for N satisfying the conditions of Theorem 4.1,

then the order of vanishing of f at the cusp c/d is
N — gcd(d, 5)°

ﬂz 5 i

6IN

4.3 Atkin-Lehner operators and Fricke Involutions

Let N > 1 be an integer and @ an exact divisor thereof. That is, all powers of a prime p that
divide N also divide Q. We define the Atkin-Lehner operator on My([y) for integral k to be
the slash operation with a matrix of the form

W(Q) = @j i

Furthermore, we define the Fricke tnvolution to be operation of slashing with the matrix

) with integral entries, having det(W(Q)) = Q.

W(N) = (0,—1;N,0). If we only consider exact divisors Q, = p® that are the power of some
prime, this definition matches that of Ono in [Ono04, Def. 2.19, pg. 27].

For this definition to be sensible, we must verify that it is independent of the choice of
a,B,v,6. To that end, note that any Atkin-Lehner matrix can be decomposed into the product

Qo B o B\ [(Q O
wW(Q) = =
Ny @s)  \Ny/@ @8) \o 1
where importantly, R(Q) = (o, 3; Ny/Q,Q5) has determinant Qaé — BNy /Q = (Q%*ab —
BNY)/Q = Q/Q = 1, and integral entries, since @ divides N. So we can use the transformation

properties of f under I'j(N) matrices to evaluate the expression

W (@)(x) = Q*(NyT +Q8) "f(W1)
QF(Nyt +Q8) "F(R(Q)(@,0;0,1)r)
= Q(Nyt +Q8) "f(R(Q)Q)
= QH(NyT +Q8) (v /Q(Qr) + Q8)"f(Qr)
= Q" f(Qr)
and conclude that the Atkin-Lehner operator clearly only depends on Q.

Proposition 4.5. [Ono04, Prop. 2.21, pg. 27] The Atkin-Lehner operators (and Fricke
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wvolutions) are involutions on My(I'g(N)).

Proof. Since k is integral, the slash operator defines a group action. Calculating
2
Qu B
w(Q)* =
Ny Q6

[ Q**+pBNy  Quaf+pQs
- \NyQa + Q5Ny Nyp + Q%62

_(Qe2+pN/Qr  aptps ) (@ 0
N(ya+6y) N/Qrp+Q6%) \0 Q

The left matrix, call this y, lies in I'y(N). Now
Flk(r(@,0;0,Q))(x) = (F1x(@, 0;0, Q) (x)
= (det((@,0;0,@))"5(r, (@, 0;0,@)) e (v)
= flxr
=f
O

Lemma 4.6 (The Atkin-Lehner operators send eta products to eta products). Let N be a
positive integer and @ an exact divisor of N. Let rs be an integer for every divisor § of N
such that k = 3 575/2 1s integral. Then

(1_[ 77(5T)T5> Wg = (Qk I Vn(A5)957"5/2> [In(G*@)0)™

oIN 6IN 6IN

W — Qa b A — 950 b6/gs
T \Ne Qd)’ T° \Negs/Q6 dQ/gs)’

95 = gcd(6,Q) and a xb = ab/ged(a, b)z.

where

Proof. Before we begin, we notice that if [, m are divisors of n, then (I x m) is again a divisor
of n. Therefore we really do obtain an eta product of level N.
We have by definition that

[Tn(E0)[sWo = Q5 (Ner +Qd) " [T n(6Wor)™.
SIN 6IN

Since det (6WQ) = 6@, we cannot directly pull this factor out of the argument of n. Using the
same decomposition idea from Wy = RpQ) we want to decompose 6Wg = §RpQ. At this point
we recall the point made in the introduction, that 6Wg # Wgo.

Trying
s [ fa e\ _( a o) (50
@ \Ne/@ dq)  \wNessg@ d@) \o 1
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or

SR — ba 6b B ba b 10
@ \Ne/@ d@)  \Ne/@ dg/s) \o s

may not yield integral matrices. However, this inspires the approach of splitting 6 = 6,6, into
the product of integers 61, 65 and writing

5R 5& 5b 510, 62b 52 0
O \We/Q d@)  \We/Qo, d@e ) \o &)

Now we can choose §; = gcd(6,Q) = g and 6, = §/g to ensure that N/Q6, and Q/6; are
integers. So we have the decomposition

SR da &b ga b6/g\ (6/g9 O
?7 \We/Q dQ Necg/Qs dQ/g)\ 0 g)°
defA

Clearly, det(A) = 1. Now using the notation a * b = ab/ gcd(a, b) we have

o o)
-1(457)

=n(A(6*xQ)7)

B 0 1/2
(@) 2@ @r+2) n(e e

NcgsQ  dQ\Y?
(@) G223+ ) o))
= v,(A)g (Ve +dQ)" (6 * Q)7)
Therefore, now denoting g5 = gcd(6,Q) and A = As we have

Qk(Ncr +dQ) ]___[ n(6Wor) T

SIN

— QF(Net +dQ) F T vy(As)gs ™ *(Net +dQ)™n((6 + Q)r)™

SIN
— Q¥(Ner +dQ) F T vy(As)gs > T (Wer +dQ)™* T (6 *Q)r)™

SIN SIN SIN
— QF(Net +dQ) *(Ner +dQ)=aw ™ T vy(As)gs "> T n((6 * Q)r)™

SIN SIN
— Q¥ [T vo(4s)gs > T n((6 xQ)r)"
SIN SIN
completing the proof. O
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5 An EtaProduct Implementation in Sagemath

Sage already includes an EtaProduct implementation [Loe| for modular curves. It has many
features, and is efficient. One limitation of this implementation however, is that it requires

some restrictions on the pairs §, rs that form the eta product ] N Nn(&)m . For example

EtaProduct (8, {4: 2, 8: 2}).q_expansion()

ValueError: sum r_d (=4) is not O
EtaProduct (8, {4: -2, 8: 2}).q_expansion()
ValueError: sum d r_d (=8) is not 0 mod 24
This is because EtaProduct verifies Ligozat’s criteria of functions on the modular curve
Xo(N). More precisely, there is the

Theorem 5.1 (Ligozat, 1975). [Lig75, Prop. 3.1.1|][McMO01, Th. 7.4] An eta product of level
N formed by the pairs (8,75) is the g-expansion of a function on Xo(N) if and only if the
following four conditions hold

N N
Z rs =0 (mod 2), Z 6rs =0 (mod 24), Z 576 = 0 (mod 24), and 1_[ Erﬁ € Q2

8IN 8IN 8IN SIN
We can initially generalise this, and initially allow any eta product to calculate g-expansions
at infinity. We can also calculate g-expansions at arbitrary cusps represented by rational num-

bers

Remark. At time of writing, the .slashby() method of RhoProduct has implementation issues.

5.1 Working with fractional powers in Sage

Unfortunately, at the time of writing, sage does not support fractional powers of symbols.
Concretely, trying to do this will make sage raise a valueError.

sage: R.<q> = LaurentSeriesRing(ZZ)

sage: q~(1/2)

ValueError: power series valuation would be fractional

To get around this limitation, there are two immediate solutions: either to implement a new
LaurentSeriesRing subclass that allows fractional powers; or to crudely write a repr function
to print fractional powers to stdout whilst internally maintaining integral powers. Although
we will only need fractional powers with one denominator (1/24) which makes the first option
likely easier to implement, I opted for the second crude repr method.

The large downside, of course, of this approach, is that it does not produce a very clean api.
Users must remember that the g that they are working with, represents g/24. As an example

from RhoProduct import repr_fractional_power
sage: R = LaurentSeriesRing(ZZ, names=('q',))
sage: (q,) = R._first_ngens(1)

sage: print(repr_fractional_power(q, 24))
q~(1/24)
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5.2 (Efficiently) Managing the precision of the expansion

Lemma 3.1 tells us that the powers of g in the expansion grows quadratically. That is

12 2
() = 3 ||
n>1 n
Therefore, if we want a precision of ¢*, we need to calculate this sum for n = 1, ..., {\/ 24k:—‘

terms and then truncate at O(g*).
The precision of Eta products are a little trickier to manage since we allow negative ex-
ponents. That is to say, we must increase the precision when calculating the product, since

negative powers may produce terms within our precision in a product.

5.3 Installing RhoProduct

The source is available at https://github.com/rrueger/RhoProduct.
RhoProduct has been packaged as a regular Python module. It can be installed for usage
with Python with

pip install https://github.com/rrueger/RhoProduct/raw/main/dist/sage_rhoproduct-0.9.0-py3-
none-any.whl
Sage uses its own package hierarchy to match the version of Python it is shipped with. To
install for usage with Sage call
sage -pip install https://github.com/rrueger/RhoProduct/raw/main/dist/sage_rhoproduct-0.9.0-
py3-none-any . whl
Sage is not officially available as a python module on PyPi, therefore it is not listed as a
dependency in this module and will not be automatically installed alongside RhoProduct. Sage
must be installed on the system independently, before RhoProduct can be installed with sage
-pip as above.
After installation, one can simply import the module.

sage: from RhoProduct import RhoProduct
sage: print(RhoProduct(8, {4: 2, 8: 2}).q_expansion(20))
q - 2%qQ75 - 3%q79 + 6%xq~13 + 2xq~17 + 0(q~21)

5.4 Testing and benchmarking RhoProduct

Distributed along with the package, there is a short testing and benchmarking script. Calling
pip show sage_rhoproduct will show the path under which the module files are installed. For
example

$ pip show sage_rhoproduct

Name: sage-rhoproduct

Version: 0.9.0

Summary: A sage module implementing a slightly more generalised EtaProduct
Home-page:

Author:

Author-email: Ryan Rueger <rrueger@ethz.ch>, Markus Schwagenscheidt <info@markus-

schwagenscheidt.de>
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License: AGPL-3.0-only

Location: /home/rrueger/.local/lib/python3.10/site-packages
Requires: datetime

Required-by:

The test script is available at

<Location:>/RhoProduct/test/tests.py
which is
/home/rrueger/.local/lib/python3.10/site-packages/RhoProduct/test/tests.py

in the example above.

The testing script will print various g-expansions of RhoProducts and compare them with

Sage’s EtaProduct.
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A

For completeness the source of the implementation is listed below. It implements a Python module

RhoProduct source code

which can be natively imported in both Python and Sage.

#!/u

impo
from
from
from
from
from
from
from
from
from
from
from
from

from

def

def

def

sr/bin/env python3

rt sage.all
sage.arith.functions import lcm
sage.arith.misc import gcd
sage.arith.misc import kronecker_symbol
sage.arith.misc import xgcd
sage.functions.other import ceil
sage.matrix.constructor import Matrix
sage.misc.functional import sqrt
sage.misc.misc_c import prod
sage.rings.big_oh import O
sage.rings.infinity import Infinity
sage.rings.integer_ring import ZZ
sage.rings.laurent_series_ring import LaurentSeriesRing

sage.rings.universal_cyclotomic_field import UniversalCyclotomicField

simplify(a, b):
g = gcd(a, b)
return (a/g, b/g)

coefficients(series):

coeffs = dict()

# Extract coefficients and exponents from the expansion

Whilst there is a simple list() interface for PowerSeriesRing, there
is not (a priori) one for LaurentSeriesRing

list() on a LaurentSeriesRing element will return the list of
coefficients, starting at the smallest non-zero exponent

Compare

R.<q> = LaurentSeriesRing(ZZ); list(g**5 + q**3 + q)

R.<g> = PolynomialRing(ZZ); list(g**5 + q**3 + q)

H O H O H O H OHF O H OH R

We use .exponents()[0] to extract the smallest non-zero exponent
# So we can shift the coefficient
lowest_exponent = series.exponents () [0]
for exponent, coefficient in enumerate(list(series)):
if coefficient:
coeffs[exponent+lowest_exponent] = coefficient
# Sort dictionary to ensure that we get the powers in ascending order

return sorted(coeffs.items(), key=lambda i: [0])

repr_fractional power(series, k=24):

"""Print series in fractional exponents from whole exponents

This is to overcome a Sage limitation of not allowing fractional powers

in
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LaurentSeriesRings.

# Set precision of the input series

# If a series is not truncated by 0(z"k), then series.prec() returns

# infinity. This is not what we want in thise case
if series.prec() == Infinity:
# Coefficients returns a sorted list of pairs (exponent,
prec = max(coefficients(series), key=lambda i: i[0]) [0]
else:

prec = series.prec()

# If integral exponents, we can return this as a LaurentSeriesRing object

if all([i % k == 0 for i in series.exponents()]):
reduced_series = 0
R = LaurentSeriesRing(ZZ, names=('q',))
(q,) = R._first_ngens (1)

for coef, exp in zip(series.coefficients(),

[exp//k for exp in series.exponents()]):

reduced_series += coef*q**xexp

reduced_series += 0(g**xceil (prec/k))

return reduced_series

# Else, the exponents are not integral, and we cannot return a

# LaurentSeriesRing, so we return a string
fmt_str = []
for exponent, coefficient in coefficients(series):

# Ensuring that the fraciton n**2/k is simplified

new_exp_numerator, new_exp_denominator = simplify(exponent, k)

new_exponent = new_eXxXp_numerator / new_exp_denominator

# This case distinction is ugly, but required to avoid
# 4x72 + 3x71 + 4x70
if exponent == O0:
fmt_str += [f'{coefficient}']
else:

[y

if coefficient ==
c_str = '

elif coefficient == -1:
c_str = '-!

else:

c_str f'{coefficient}*"'
if new_exponent == 1:
q_str = 'q'
elif new_exp_denominator == 1:
q_str = f'q"{new_exp_numerator}'
else:
t = new_exp_numerator/new_exp_denominator
gq_str = f'q”({t})"'

coefficient)
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fmt_str += [c_str + q_str]

# Sage cannot do calculations inside fstrings

prec

= ceil(prec/k)

if series.prec() != Infinity:

fmt _

fmt_str += [f'0(q~{prec})']
str = " + ".join(fmt_str)

# Clean up negative coefficients and multiplying by 1

fmt _

str = fmt_str.replace('+ -', '- ')

return fmt_str

class NonSlashableEtaProduct (Exception):

pass

class NotEtaProduct (Exception):

pass

class RhoProduct:
"""RhoProduct: Ryan's Eta Product

Call

ing this RhoProduct allows us to compare to Sage's implementation of

EtaProduct"""

def

def

__init__(self, level, exponents):
self.level = level

# Alias

self .N = level

self .exponents = exponents

ndiv = [delta for delta in self.exponents.keys() if level % deltal

if ndiv:
if len(ndiv) == 1:
err = £"{ndiv[0]} does not divide level ({levell})"
else:
ndiv_str = ", ".join(map(str, ndiv))

err = f"{ndiv_str} do not divide level ({levell})"

rhoproduct = f"RhoProudct({level}, {repr(exponents)l})"
raise NotEtaProduct (f"Wrong level/exponents in {rhoproduct}: {errl}")

self .k = sum(exponents.values())//2

# Requires int() call to prevent sage from casting the elements as

# floats and runing into overflow errors (prod is a sage function)
self.char = prod([int (d**exp) for (d, exp) in self.exponents.items()])
self.char *= (-1)**xself.k

__eta_function(self, prec, alpha=1, beta=0):
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def

def

def

def

# Alias for debugging performance

level = self.level
if beta:
U = UniversalCyclotomicField ()
E = U.gen
R = LaurentSeriesRing (U, names=('q',))

(qg,) = R._first_ngens (1)
self.expansion = 0

for n in range(ceil(sqrt(prec*level*24))):

# Here, use q, since we want a power of q~(1/24)

self.expansion += kronecker_symbol (12,
* E(24) *x(n**2*beta)

n) \
\

* g**(alpha*level*n**2)

else:
R = LaurentSeriesRing(ZZ, names=('q',))
(q,) = R._first_ngens (1)
self.expansion = 0
for n in range(ceil(sqrt(prec*level*24))):

self.expansion += kronecker_symbol (12,

# Here we do need q**24 since we want prec to
# powers of q
self.expansion += 0(q**(24*level*prec))

return self.expansion

__coefficients (self):

return coefficients(self.expansion)

__repr__(self):

# Repr in the style of Sage's EtaProduct with
product = " ".join([f'(eta_{d}) "{e}' for d, e
interpretation = f'Rho Product of level {self.
true_repr = f'RhoProduct ({self.N}, {repr(self.

return interpretation + f' ({true_repr})'

n) * g**(alpha*level*n**2)

represent in integral

addl true repr
in self.exponents.items()])
level} : {productl}'

exponents)})'

f'n({d}z) “{e}'
items ()]

# # Informal __repr__, in the style of Sage

# product_terms = [f'n(z) {e}' if d == 1 else

# for d, e in self.exponents.

# product = "x".join(product_terms)

# interpretation = f' is the RhoProduct {product} of level {self.N}'
# # True _ _repr__, i.e. one can type this get

the object

# true_repr = f'RhoProduct({self.N}, {repr(self.exponents)})'

# return true_repr + interpretation

__pow__(self, power):

exponents = {d: expower for d, e in self.exponents.items ()}

return RhoProduct(self.level, exponents)

mul __ (self, other):
level = lcm(self.level, other.level)



201 # Create new exponents dict. We do not want to change self or other

202 exponents = dict ()

203 for delta, exponent in self.exponents.items():

204 exponents [delta] = exponent

205 for delta, exponent in other.exponents.items():

206 if delta in exponents:

207 exponents [delta] += exponent

208 else:

209 exponents [delta] = exponent

210 return RhoProduct(level, exponents)

211

212 def isetaproduct (self):

213 # For integral weight for \Gamma_O(N)

214 if sum(self.exponents.values()) % 2:

215 # print ("The sum of exponents is not divisible by 2")

216 return False

217 elif sum([d*exp for d, exp in self.exponents.items()]) % 24:

218 # print ("The sum of d*a_d is not divisible by 24")

219 return False

220 elif sum([self.N/d*exp for d, exp in self.exponents.items()]) % 24:

221 # print ("The sum of N/d*a_d is not divisible by 24")

222 return False

223

224 return True

225

226 def isslashable(self):

227 # For integral weight for \Gamma_O(N)

228 if sum(self.exponents.values()) % 2:

220 print ("The sum of exponents is not divisible by 2")

230 return False

231 return True

232

233 def q_expansion(self, prec=10):

234 self .expansion = prod([self.__eta_function(prec, alpha=delta)**exponent

235 for delta, exponent in self.exponents.items()])

236 return repr_fractional_power (self.expansion, 24*self.level)

237

238 def expansionatcusp(self, cusp):

239 pass

240

241 def order(self, cusp):

242 d = cusp.denominator ()

243 s = sum([gcd(d, delta)*exp/delta for delta, exp in self.exponents.items()
D

244 order = self.N/24 * 1/d * 1/gcd(d, self.N/d) * s

245 return order

246

247 def slashby(self, matrix, prec=10):

248 a = matrix [0][0]

249 b = matrix[0][1]

250 ¢ = matrix[1] [0]



251 d = matrix[1][1]

253 if not a*d - bx*c == 1:

254 raise NonSlashableEtaProduct ("Matrix is not in SL_2(Z)")
255

256 if not self.isslashable():

257 raise NonSlashableEtaProduct ("Cannot slash by matrix")
258

259 U = UniversalCyclotomicField ()

260 R = LaurentSeriesRing (U, names=('q',))

261 (q,) = R._first_ngens(1)

262 p=1

263

264 for delta, exponent in self.exponents.items():
265 g = gcd(c, delta)

266 _, ¥, x = xgcd(-c/delta, deltaxa/g)

267 nu = x*delta*b + yx*xd

268 p *= self.__eta_function(prec,

269 alpha=1/delta,

270 beta=nu*g/delta)**int (exponent)
271 # alpha=1,

272 # alpha=gx*2/delta,
273

274 return repr_fractional_power(p, 24*self.level)
275

276 # Since the fricke involution is only available as an expansion for now, we
277 # must pass a precision paramater to it

278 def al_involution(self, Q, matrix=None, prec=10):

279 if gcd(self.level, Q) !'= Q:

280 print ("Q does not divide level!")

281 exit (1)

282 elif gcd(self.level/Q, Q) != 1:

283 print("Q is not an _exact_ divisor of level!")
284 exit (1)

285

286 if matrix is None:

287 a = Qq

288 b =1

289 _, d, c = xgcd(Q, -self.level/Q)

290 c *= self.level

291 d *x= Q

292 else:

203 a = matrix [0] [0]

204 b = matrix[0][1]

295 ¢ = matrix[1] [0]

296 d = matrix[1][1]

297

208 # First slash with (Q, 0; 0 ,1)

299 # Do this by replacing z with Qz

300 exponents = {Q * delta: exponent for delta, exponent in

301 self.exponents.items ()}
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# Now try to slash the new "eta product" by the reduced matrix

return RhoProduct(self.level*Q, exponents
) .slashby (Matrix([[a/Q, b]l, [c/Q, d11))

B RhoProduct testing and benchmarking script

After having installed the RhoProduct Python module, this testing script will calculate expansions of

different RhoProducts and compare them to Sage’s EtaProduct implementation.

#1/u

from

sr/bin/env python3

RhoProduct import RhoProduct, repr_fractional_power,

import datetime

import sage.all

from sage.misc.misc_c import prod

from sage.rings.laurent_series_ring import LaurentSeriesRing

from sage.rings.integer_ring import ZZ

from sage.rings.big_oh import O

from sage.modular.etaproducts import EtaProduct

from sage.matrix.constructor import Matrix

D G (e I Bttt

print ("Testing __repr__ of RhoProduct")

print ("

print (RhoProduct (8, {1: 24, 2: -24}))

print (RhoProduct (8, {1: 24, 2: -24})*RhoProduct(6, {2: 24, 3: -24}))

R = LaurentSeriesRing(ZZ, names=('q',))

(q,) = R._first_ngens (1)

print ("Fractional power repr example:", repr_fractional_power(q, 24))

D (R e i
# print ("Testing NotEtaProduct level/exponents check")

3 PRinGg (Poscscosoosoosoososoosoosoosoosoosoosoos o os s o e EE S EE S e e EE S OSSOSO oS
# try

# RhoProduct (8, {3: 24, 7: -243})

# except NotEtaProduct as err:

# print ("RhoProduct (8, {3: 24, 7: -24})")

# print (err)

D L (R e e R e s e L
print ("Check that the Eta Function is correctly implemented")

e R e R e

# This is surprisingly difficult to do, for two reasons

# 1. Sage's EtaProducts have no way of just printing the expansion of the

# EtaFunction

# 2. Naively calculating (1-9q"n) converges at a different rate that the fourier
# expansion. This means that one has to calculate both terms to a high

# precision to get comparable results.

# Must be LaurentSeriesRing for coefficients() interface to work

R = LaurentSeriesRing(ZZ, names=('q',)); (q,) = R._first_ngens (1)

NotEtaProduct
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# Implicitly use q~24, so that we can properly divide later.

p = prod([1 - g**(24*n) for n in range(l, 10)1])

# "Multiply" by q~(1/24)

print ("Naive product expansion:", repr_fractional_power (g*p + 0(gx*x*(10%24))))
print ("RhoProduct :", RhoProduct(1l, {1: 1}).q_expansion())

print ("EtaProduct:", EtaProduct(8, {1: 24, 2: -24}).q_expansion(10))
print ("RhoProduct:", RhoProduct(8, {1: 24, 2: -24}).q_expansion(10))

print ("Ex. 1.66 Web of Modularity:", RhoProduct(5, {5: 5, 1: -1}).q_expansion())

print ("Ex. 1.66 Web of Modularity:", RhoProduct(8, {4: 2, 8: 2}).q_expansion())

D N (e e Ettadtr
# print ("Slashing by matrices")

I A (e R R
# print (RhoProduct(5, {5: 5, 1: -1}).slashby(Matrix([[4, 7], [1, 21]1)))

# print ()

# print (RhoProduct (1, {1: 24}).slashby(Matrix([[0, 11, [-1, 0]1)))

# print (RhoProduct(1l, {1: 24}).slashby(Matrix([[4, 7], [1, 211)))

# print (RhoProduct (1, {1: 24}).q_expansion())

# print (RhoProduct (11, {1: 2, 11: 2}).q_expansion())

# print (RhoProduct (11, {1: 2, 11: 2}).isetaproduct())

# print (RhoProduct (11, {1: 2, 11: 2}).slashby(Matrix([[0, -1], [1, 011)))

# print ("AL Involution:", RhoProduct(8, {1: 24, 2: -24}).al_involution(8))
pipdmnE (T cooccooocooocoooocoooocooocoooocooocoooocooocoooooooocoooooonocoooooos ")
print ("Test Accuracy and benchmarking speed of RhoProduct vs EtaProduct")
e R (R R ")
max_prec = 50

level = 12

exponents = {1: -336, 2: 576, 3: 696, 4: -216, 6: -576, 12: -144}

print(":: Comparing EtaProduct and RhoProducts")

print (EtaProduct (level, exponents))
print (RhoProduct (level, exponents))
print (£":: Calculating EtaProduct expansion up to precision {max_prec}...")
etaproducts = []
start = datetime.datetime.now()
for prec in range(l, max_prec+1):
print (f '\r{prec}/{max_prec}', end='")

etaproducts.append (EtaProduct (level, exponents).q_expansion(prec))

print ()

eta_diff = (datetime.datetime.now() - start)

eta_time = eta_diff.seconds + float(eta_diff.microseconds / 10%%9)
eta_timeper = round(float(eta_time/max_prec), 5)

print(f':: Time taken: {eta_timel}s ({eta_timeperl}s per calculation)')
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print(f":: Calculating RhoProduct expansion up to precision {max_precl}...")
rhoproducts = []
start = datetime.datetime.now()

for prec in range(l, max_prec+1):

if datetime.datetime.now() - start > eta_diff:

factor = round((datetime.datetime.now() - start)/eta_diff * max_prec/prec,
2)

print (f '\r{prec}/{max_prec} (Slower than EtaProduct by factor {factorl})',
end="")
else:

print (f '\r{prec}/{max_prec}', end='")
rhoproducts.append (RhoProduct (level, exponents).q_expansion(prec))
print ()
rho_diff

rho_time

(datetime.datetime.now() - start)

rho_diff.seconds + float(rho_diff.microseconds / 10%*%*9)

rho_timeper = round(float(rho_time/max_prec), 5)

print(f':: Time taken: {rho_time}s ({rho_timeper}s per calculation)')

if not etaproducts == rhoproducts:
print(":: Not Equal")
print(":: First 5 product expansions")

for etaproduct, rhoproduct in zip(etaproducts[:5], rhoproducts[:5]):

print ("EtaProduct:", etaproduct)
print ("RhoProduct:", rhoproduct)
else:
print(":: Both results are equal at all precision levels")

print (f 'EtaProduct was {round(float(rho_time/eta_time), 5)}x faster')
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